In this paper we will discuss how to localise a quantum wave-packet due to self-gravitating meso-scopic object by taking into account gravitational self-interaction in the Schrödinger equation beyond General Relativity. In particular, we will study soliton-like solutions in infinite derivative ghost free theories of gravity, which resolves the gravitational 1/r singularity in the potential. We will show a unique feature that the quantum spread of such a gravitational system is larger than that of the Newtonian gravity, therefore enabling us a window of opportunity to test classical and quantum properties of such theories of gravity in the near future at a table-top experiment.
Introduction and motivations
Einstein's general relativity (GR) has been widely accepted theory of gravity on large scales and late times, i.e. in the infrared (IR) regime, where it has been tested to a very high precision [1] . The recent detection of gravitational waves from binary Blackholes has matched its predictions extremely well with numerical simulations [2] . Despite the great success of GR, there are problems at short distances and small time scales, the theory allows Blackhole and Cosmological singularities in the ultraviolet (UV) regime. In addition, there is an open question -to what extent Einstein's GR is valid in the UV? In fact, the inversesquare law of Newton's potential has been tested only up to 5.6 × 10 −5 meters [3] . This means that any modification from the Newtonian potential can occur in the vast desert of scales spanning about more than 30 orders of magnitude, i.e from 0.004 eV to the Planck scale M p ∼ 10
19 GeV in 4 spacetime dimensions. This provides us an ample motivation to explore gravitation beyond GR, and put such theories on test in a laboratory, even at table-top experiment. A very well-known interesting observation is that any macroscopic object naturally provide a scale for localising its own quantum wave packet. For instance, in the Newtonian gravitational potential, a quantum spread of a wave packet has been computed by Diósi, which is solely given by the Newton constant, G = 1/M 2 p , and the mass, m, of a macroscopic object by looking for ground-state solutions of minimal energy. An approximate solitonic solution has been found due to self-gravitating potential which tries to confine the wave packet, while quantum effects will try to de-localize the wave packet. An optimum quantum spread, σ N , of the wave packet can be found by minimising the energy, and it is given by [4] :
Indeed, this quantum spread is very tiny for a massive object, i.e. of the order of σ N ∼ O(10 −5 ) m for m ∼ O(10 −18 ) kg. Therefore, measuring such a spread of a wave packet provides a simple way to constrain theories of gravity beyond GR in a table-top experiment.
The aim of this paper will be to show explicitly that in theories beyond GR, it is possible to constrain the new scale of gravitation by quantifying the solitonic wave packet for a massive object and compare the results with that of the Newtonian case. In particular, we will be studying a particular modification of GR, where the gravitational force vanishes in the UV limit, i.e. F g → 0 as r → 0, where F g stands for the force between particles separated by the distance r. Such a theory has recently been advocated to ameliorate gravity in the UV [5] .
The result in Eq. (1) was obtained in Ref. [4] by working in the semi-classical approach where gravity is treated as a classical interaction, and the matter component is quantized. However, in this manuscript we will make a more general treatment analyzing both cases of classical and quantized gravity, and discuss the experimental testability of the models in both directions. We will see that in the first case one is able to study the dynamics of self-gravitating one-particle state, as for example elementary particles or mass center of single molecules, by describing the coupling between gravity and quantum matter through a semiclassical approach. While in the second case, one can study the dynamics of a condensate in a mean-field approximation by taking into account all internal mutual gravitational interaction which contribute to the self-potential.
It has been known for a while that a quadratic curvature gravity (4 derivatives in the metric) is a renormalizable theory of gravity, but contains massive spin-2 ghost, signaling instability in the vacuum and therefore lacking predictions [6] . In order to resolve this ghost problem, we require infinite derivative theories of gravity (IDG) as pointed out in Ref. [5] . The most general quadratic curvature covariant action with infinite derivatives has been constructed in 4 dimensions, around constant curvature backgrounds, see [5, 7] :
where α is a dimensionful coupling, s ≡ /M 2 s , where M s is the new scale of gravitation, i.e. 0.004eV ≤ M s ≤ 10
19 GeV. The d'Alembertian operator is given by: ≡ g µν ∇ µ ∇ ν , where µ, ν = 0, 1, 2, 3, and we take the convention (−, +, +, +) for the metric signature. The three form factors are very similar to pion form factors in strong interaction, and they are reminiscence to derivative nature of interaction depicted by the massless nature of gravity, i.e. they contain infinite order covariant derivatives and are analytic functions of ,
n . These form factors have already been constrained by the general covariance, in the IR the form factors should be such that they match the predictions of GR, and through-out from IR to UV, they should not introduce any new dynamical degrees of freedom, i.e. the graviton remains massless and transverse-traceless, therefore the coefficients f i,n are all fixed. Around Minkowski background, they follow a simple relationship given by 2F 1 ( s ) + F 2 ( s ) + 2F 3 ( s ) = 0 [5] . In fact, around a constant curvature background, we can treat F 3 = 0 up to quadratic order in the metric perturbation, without loss of generality. It is sufficient to study the quadratic in curvature gravitational action, since we are studying the tree-level gravitational potential.
The new scale of physics, M s , also signifies the scale of non-locality [8, 9, 10, 11, 13, 12] , where the gravitational interaction in this class of theory becomes non-local, see [14] . Furthermore, it has been argued that the above action becomes UV finite beyond 1-loop [8, 9, 13, 14] . In this regard, we will be exploring for the first time quantum localization of a wave-packet in such non-local theories of gravity. Classically, such theories can resolve cosmological singularity as pointed out in [12, 5, 15] , and possibly even blackhole singularity [16] , due to the fact that the physical effect of non-locality can be spread out on macroscopic scale in spacetime.
In the following section we will find the fundamental equations describing the dynamics of a quantum meso-scopic system whose self-gravitational interaction is taken into account.
Dyamics of a self-gravitating system in infinite derivative gravity
We now wish to study the dynamics of a self-gravitating quantum system in a low-energy regime, with gravitational interaction described by IDG. We will distinguish 1) the case in which the coupling to quantum matter is given through the expectation value of the stress-energy tensor operator, so that gravity can be treated as a classical interaction, and 2) and the case where gravity is directly coupled to the quantum matter stress-energy tensor operator, such that also the gravitational field has to be quantized. We will obtain the same non-linear Schrödinger equation which has two completely different interpretations in the two cases: in 1) it is seen as a fundamental equation describing the dynamics of a self-gravitating one-particle system; while in 2) it is derived as the large N limit (N → ∞) of a linear Schrödinger equation for an N -particle state by applying a mean-field approximation, so that the self-gravitational potential will be given by the sum of an infinite number of mutual gravitational interaction-contributions.
Semi-classical approach
We start considering a semi-classical approach to IDG described by the action in Eq. (2), and work in the non-relativistic and in the weak-field regime. The starting point is the field equations with a semi-classical source term:
where G µν is the usual Einstein tensor and G
(q)
µν is the contribution to the field equation arising from the quadratic curvature terms in the IDG action; see Ref. [17] for the explicit expression and details. The right hand side of the above expression contains the expectation value of the quantised energy-momentum operatorτ µν in the quantum state |ψ . In the semi-classical approach matter is quantized in a fully classical background, as pointed out in Refs. [18, 19] . The debate on the validity of semi-classical approach is still an open issue, see [20] , which would warrant further experimental evidences [21] . In particular, we are interested in the linear regime of Eq. (3), which can be obtained by expanding the spacetime metric around the Minkowski background, g µν = η µν + h µν , and neglecting higher order terms in the perturbation O(h 2 µν ). Moreover, by imposing the DeDonder gauge, ∂ µ (h µν − 1/2η µν h) = 0, we can now show that the semi-classical linearized equations are given by [5, 17] :
where h ≡ η ρσ h ρσ andτ ≡ η ρστ ρσ . Note that the perturbation h µν is a classical field, i.e. it is not quantized in the semi-classical approach. The coefficient a( s ) is defined in terms of [5] :
and 2F 1 ( s ) + F 2 ( s ) = 0. Note, that in the linear approximation we are working with,τ µν acts as the quantized energy-momentum tensor operator in a flat spacetime. The coefficient a( s ) is not an arbitrary function as we had discussed above. By demanding that the gravity remains massless and does not introduce any new dynamical degrees of freedom, the function a( s ) should be exponential of an entire function [9, 5] . Such functions do not introduce any new poles in the propagator, and therefore no new dynamical degrees of freedom other than the massless graviton. One simple choice is 1,2 :
In fact other choices of entire function can be made without any loss of generality, as they provide similar UV and IR behaviour as pointed out in Ref. [26] , i.e. the gravitational potential, Φ → const. for r < 2/M s in 1 One way to show that the choice a(−k 2 ) = e k 2 /M 2 s (in the momentum space) does not introduce any additional gravitational degrees of freedom is to consider the poles in the propagator. As shown in Ref. [5, 22, 23] the propagator corresponding to the action around Minkowski spacetime is given by Π(−k 2 ) = (1/a(−k 2 )) P 2 /k 2 − P 0 /2k 2 , where P 2 and P 0 are the so called spin projection operators along the spin-2 and spin-0 components, respectively. For the choice a(−k 2 ) = e k 2 /M 2 s , there are no additional poles in the propagator, where the GR propagator is given by: ΠGR = P 2 /k 2 − P 0 s /2k 2 . 2 The exponential choice e − /M 2 s is made to ensure UV suppression in the propagator. Indeed, the corresponding propagator in such non-local field theory turns out to be exponentially suppressed for both time-like and space-like momentum-exchange, as it can be shown once it is dressed by summing up all one-particle irreducible diagrams. For example, see Refs. [24, 25] .
the UV, therefore the force vanishes in this regime, while in the IR for r ≥ 2/M s , the gravitational potential yields Φ ∼ 1/r, as expected in the case of GR and in Newtonian gravity [5, 16] .
We now wish to solve Eq. (4) in the weak-gravitational field and static spacetime limit,τ −τ 00 , ∇ 2 and ∂ 0 h µν 0, for the metric:
where d x 2 = dx 2 + dy 2 + dz 2 , and the gravitational potential, |Φ| ≤ 1, satisfies the differential equation:
whose solution is given by:
where we have usedτ 00 =ρ.
We can now compute the semi-classical interaction Hamiltonian,Ĥ int = − 1 2´d 3 xh µντ µν :
where we have used the fact thatτ 00 provides the dominant contribution, and h 00 = −2Φ. We can now obtain a one-particle Schrödinger equation, with a non-linear term that takes into account the gravitational self-interaction 3 :
where ψ( x, t) is the one particle wave-function and we have assumed that only one kind of particle is present, ρ = mψ †ψ . Thus, Eq. (11) describes the dynamics of a self-gravitating wave-function in a non-relativistic, weak-field regime. Note that the non-linearity in the Schrödinger equation appears only at the level of the potential. We can also split the potential in two parts in such a way to isolate the main contribution due to IDG:
We can clearly notice that the first term in Eq. (12) is purely due to IDG, while the second one takes into account the Newtonian self-interaction as in the well-known Schrödinger-Newton equation (see [4, 27, 28] ). Depending on the behavior of the wave-function ψ( x, t), one of the two terms could give a much greater contribution compared to the other. For example, if σ is a characteristic width such that ψ( x, t) → 0 when | x| > σ, then in the regime σ < 2/M s , using also the fact that the wave-function is normalized to one, the second term is negligible and thus the potential tends to be constant. In such a regime, where non-locality becomes relevant, the linearity is restored.
Mean-field approximation
In the previous subsection the coupling to the expectation value of the energy-momentum tensor was considered, ψ |τ µν | ψ , and the metric perturbation h µν was assumed to be a classical field. We now want to study the case in which gravity is directly coupled to the quantum energy-momentum tensor so that, not only matter, but also the graviton field has to be quantized, h µν →ĥ µν . In such a scenario, the starting point is now the following equations:P
whereP µν still arises from the equations of motion of IDG action, as shown in Ref. [17] , but here it is an operator due to that fact that the metric field has to be quantized, g µν →ĝ µν . By working again in the non-relativistic regime, the analog of Eq. (4) is given by
while Eq.
whose solution isΦ
where we have used againτ 00 =ρ. One can immediately notice that it is the quantized energy-momentum tensor that now appears and not its expectation value. Moreover, the interaction Hamiltonian is now given byĤ
Unlike Eq. (10), the interaction Hamiltonian in Eq. (17) is not expressed in terms of the expectation value of the density operator, and this is a crucial difference that in the case of quantized gravity will not introduce any non-linearities in the Schrödinger equation for an N -particle state. Indeed, the wave function Ψ N ( x 1 , . . . , x N , t) associated to an N -particle state satisfies the following linear Schrödinger equation:
is the total Hamiltonian, andΦ
represents the mutual gravitational potential between two components, i and j, of the N -particle system; we have assumed that all N masses are equal.
We are now interested in the limit N → ∞ of Eq. (18), namely we want to apply a mean-field approximation. Given a one-particle state |ψ , let us consider an initial factorized N -particle state defined as
Then, one can show that at later times the state in Eq. (21) evolves as
4 For more details see Ref. [29] where the authors have applied the same procedure to the case of N bosons field interacting through Coulomb potential in a mean-field regime, and Ref. [31] for a similar derivation in the case of Newtonian gravitational interaction. The rigorous mathematical derivation requires the so called quantum Bogoliubov-Born-Green-Kirwood-Y von hierarchy in the large N -limit [30] .
whereĤ N is the Hamiltonian defined in Eq. (19) and the wave-function ψ( x, t), corresponding to the state |ψ(t) , satisfies the same integro-differential equation that we have derived in Eq. (11) . Note that in this case ψ( x, t) is not a one-particle wave-function, but describes a many-particle system, with a large number of components (N → ∞), i.e. a condensate.
We can now summarize the results obtained in this section: in both cases of semi-classical approach and quantum gravitational interaction the dynamics of a self-gravitating system in the non-relativistic regime can be mathematically described in terms of the same equation (11) . However, one has to keep in mind that in the case of classical gravity Eq. (11) can describe the dynamics of one single particle or molecule, while in the case of quantized gravity the same equation is seen as a Hartree equation in the mean-field approximation, and takes into account a collective dynamics, where the self-potential term is due to the sum of all mutual gravitational interaction-contributions among all particles of the system.
Quantum solitonic solutions
Let us now study the wave-function of the ground-state of the system, namely seeking solutions which balance quantum-mechanical spreading and contraction due to the attractiveness of the gravitational interaction. Since the mathematical form of Eq. (11) is valid either for classical and quantized gravity, we can perform a unique analysis that includes both cases. The two different interpretations will have to be distinguished in the moment in which one wants to question the experimental testability of the models, as we will see in the next section.
Following Ref. [4] , we can find approximate soliton-like solutions of minimal energy for the ground-state of the form ϕ( x, t) = ϕ( x)e −i t , where ϕ( x) is a real function depending only on the space-coordinates x, while the time-dependence only appears in the phase, and is the Lagrange multiplier arising from minimising the energy of the ground-state. By assuming that ϕ( x) is a Gaussian wave-packet, with a normalized ϕ( x), and with a characteristic width σ, i.e.
we obtain the expectation value of the energy in the solitonic ground-state:
Note that in the limit M s σ > 2, we recover the energy in the case of Newtonian self-interaction (see Ref.
[4]), E N = 
Now, we can also find the spread σ IDG of the soliton by minimising the energy in Eq. (24) with respect to σ and we obtain:
It is not instructive to write down the full physical solution σ IDG here, we will provide its full behaviour in Fig. 1 . Note that in the limit M s σ > 2, we recover the Newtonian case already, seen in Eq. (1), obtained in Ref. [4] . In the opposite limit, when M s σ < 2, by expanding the energy in Eq. (24), up to the order O(M 3 s ), and simplifying
, we find
The above equation suggests that the quantum state of a self-gravitating system is localized within a region of size 1/M s , which is governed by the scale of non-locality, this will become evident by looking at the plot below in Fig. 1 , and at the table I in which several values of the spread of the wave-function have been shown. In Fig. 1 , the physical solution of Eq. (26) has been plotted, i.e. the spread of the solitonic wave-packet with respect to the mass for different values of the parameter M s . The quantum spread σ IDG and σ N are plotted as functions of the mass m. Note that in the case of IDG, the wave-function spread turns out to be much larger than that of the Newtonian gravitational potential,
This is an effect induced by IDG, and the presence of non-locality in the gravitational interaction. Such theories possess mass-gap [32] in the gravitational potential, governed by the scale M s , and therefore within σ < 2/M s , effectively the gravitational force vanishes, but for σ > 2/M s , the gravitational attractive force balances the quantum spread of the wave-function. In this regard, the quantum wave-function of the groundstate of the meso-scopic system can be described in terms of a solitonic solution, as depicted in Fig. 1 . In the plot-region σ < 2/M s the behaviour of the IDG spread is well approximated by Eq. (27) . Moreover, the larger is the value of M s , smaller is the value of σ IDG , and in the limit in which σ > 2/M s , we have σ IDG → σ N . Generally, we obtain: σ
Discussion and conclusions
In the previous section, by minimizing the energy in Eq. (24), we have found approximate solitonic solutions for the ground-state of a self-gravitating system in the non-relativistic regime, where the gravitational interaction is described by IDG. In the table I, we consider some numerical values of the spread of the wave-function obtained by evaluating the physical solution of Eq. (26) for different values of the mass, m, and the parameter M s . Note that the larger the mass is, smaller is the spread. Clearly, as we have already emphasized above, in the semi-classical approach m represents the mass of one single atom or molecule, while in the case of quantized gravity it corresponds to the total mass of a condensate. For a mass m = 10 −14 kg, in the Newtonian case, σ N = 3.02 × 10 −16 meters, while the IDG spread is always larger, and for M s = 0.004eV, σ IDG = 1.01 × 10 −7 meters, which is much larger than σ N . Such a gravitational-induced effect on the dynamics of the wave-packet, not only would offer a new framework in which one can investigate more deeply the real nature of gravity, i.e. whether it is classical or quantum, but would also open a new window of opportunity to test short-distance gravity beyond Einstein's GR.
In order to discuss the experimental testability of the these models, we first need to specify how to treat gravity, either classical or quantum. In fact, there are experiments where the low-energy system is composed by a very small number of atoms, and others in which one deals with many-particle systems with a large number of components, for instance condensates. The former case would apply to the case of classical gravity coupled to quantum matter through a semi-classical approach, while the latter would be suitable to test the quantum properties of the gravitational interaction.
This work indeed provides a new scenario for testing the classical properties of IDG from the quantum localisation of the wave-packet in molecule-interferometry [33] 5 . A larger spread in the wave-function might provide us a smoking gun signature of the nature of the gravitational potential. We should be able to study the free expansion and contraction of the wave-function and place limits on the new scale of physics, M s . It is worthwhile to mention that these are very sensitive experiments, and there are several sources of decoherence effects, for a review see [37] , which pose enormous experimental challenges for observing some interesting quantum phenomena in a ghost free and singularity free theory of gravitation.
Moreover, one promising experiment in which quantum properties of gravity might be tested could be tests performed in microgravity, see [38] , where the authors have put forward an interesting experimental proposal to test quantum mechanics of weakly coupled Bose-Einstein condensate (BEC) in a freely falling system. In this case one is interested in studying interference for a free-falling BEC, that is treated as a many-particle system and thus Eq. (11) has to be interpreted as a Hartree equation in the mean-field appproximation. Such an experiment is progressing and in future we might be able to constrain the scale of non-locality M s by comparing our predictions with the experimental data. It is worth mentioning that the BEC considered in Ref. [38] is made of about 10 4 atoms, and in the near future one could be able to create quantum interference with 10 6 , or even more, atoms. Before we conclude, it is worthwhile to mention that it is also possible to study modified gravitational potentials, such as Yukawa-like potential [39] of the form Φ(r) = −Gm/r(1 + 1/3exp(−µr)), arising in f (R) theories, where similar computations suggest an opposite scenario compared to that of IDG. Indeed, the energy and the spread of the ground-state turn out to be smaller compared to that of the Newtonian case:
This proof-of-concept paper provides us, for the first time, how we can put theories of gravity on to test-bed by studying the solitonic wave-function of a self-gravitating quantum system in theories beyond Einstein's GR. In particular, singularity free theories of gravity provides an intriguing observation that the minimum energy for the IDG is always larger compared to that of the Newtonian case, and the spread of the wave-function is always larger than that of the Newtonian potential for meso-scopic systems. These predictions are indeed testable in a table-top experiment in the near future, furthermore we can possibly constrain, M s , allowing us a deeper understanding of classical and quantum properties of the gravitational interaction at short distances.
